
­ rWm�� �A`�Attm�� 3

�A`�Attm�� w¡ ��w�±� £@¡ Xs��¤ ,Ah�wlF TF�C �hs§ ¨t�� �A`�Attm�� ��w�� {`� �An¡
:­ rWm��

Tyqyq���  �d�±� �� T`�Att� (xn)n∈N �kt� :�§r`� - 1-3

.n ∈ N �k� xn ≤ xn+1  A� �Ð� T§d§�z� T`�Att� (xn)n∈N  � �wq� (1)

.n ∈ N �k� xn ≥ xn+1  A� �Ð� TyO�An� T`�Att� (xn)n∈N  � �wq� (2)
.TyO�An� ¤� T§d§�z� A�� 
�A� �Ð� ­ rW� T`�Attm��  wk� (3)

:¨¡ ­ rWm�� �A`�Attml� TyFAF±� T§r\n��

:T§r\� - 2-3

T`�Att� ©�¤ ,Ty�CAq�  wk� Yl�� �� ­ ¤d��¤ T§d§�z� T`�Att� ©� (1)
.+∞ Y�� �¤¥� Yl�� �� ­ ¤d�� ry�¤ T§d§�z�

T`�Att� ©�¤ ,Ty�CAq�  wk� �fF� �� ­ ¤d��¤ TyO�An� T`�Att� ©� (2)
.−∞ Y�� �¤¥� �fF� �� ­ ¤d�� ry�¤ TyO�An�

.¹CAql� �§rmt� (2) �rt�¤ (1) �¡rbnF - A¡r�
, {xn : n ∈ N} � ©wl� d� r�}� ` �ky�¤ , Yl�� �� ­ ¤d��¤ T§d§�z� T`�Att� (xn)n∈N �kt�

.limn→∞ xn = `  � 
b�nF
�y�� n0 ∈ N d�w§ ¨�At�A�¤ , T`�Attml� ¾A§wl� ¾�d� Hy� ` − ε  Ð� , YW`� ε > 0 �ky�
 � �zlts� Am� , T§d§�z� T`�Attm��  ± xn ≥ xn0

> `− ε  � �zlts� n > n0 �k� .`− ε < xn0

 Ð� ,T`�Attml� ©wl� d� `  ± xn ≤ `

n > n0 =⇒ `− ε < xn ≤ ` =⇒ | xn − ` | ≤ ε

.
wlWm�� �¡rb§A� w¡¤
Hy� L  � �y� , YW`� L ∈ R �ky� ,Yl�� �� ­ ¤d�� ry�¤ T§d§�z� (xn)n∈N T`�Att� T�A� ¨�

.xn0
> L �y�� n0 ∈ N d�w§ ¢��� T`�Attml� A§wl� ¾�d�

.limn→∞ xn = +∞  � 
b�§ A� w¡¤ xn ≥ xn0
> L  wk§ n > n0 ©±

 � �hm�� �� ,Tyqyq���  �d�²� �Amt�¯� Ty}A� An�d�tF� ��As��  A¡rb�� ¨� :T�A¡ T\�®� - 3-3
Annkm§ T§r\n�� £@¡ T�} AnRrt�� �Ð� An�� ©� ,�Amt�¯� Ty}A� ¸�Ak� Tq�As�� T§r\n��  � ¹CAq�� �r`§

.�Amt�¯� Ty}A� �Ab��
:Tl��� - 4-3

.n ≥ 1 ,xn = (1 +
1

n
)n 
 ­AW`m�� (xn)n∈N ­ryhK�� T`�Attm�� 
CAq� xCdn� (1)
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.T§d§�z� (xn)n∈N  �� ¨�At�A�¤ n �� d§�zt§ (1− k
n)  � Am� Tb�w�  ¤d��� ��  � �R�w�� ��

AnyW`§ ry�±� ryb`t��  � Am�

xn ≤ 1 + 1 +
1

2
+

1

22 + · · ·+ 1

2n
< 3

.Ty�CAq� (xn)n∈N  �� ¨�At�A�¤ .Yl�� �� ­ ¤d�� (xn)n∈N  � ©�

 � d�nF ,(xn)n∈N Tq�As�� T`�Attm�� Hfn� (2)
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=
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 � �tn§ ��Ð ��
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)

≤ 1
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d�n� yn = (1 + 1
n)n+1 = (1 + 1

n)xn  µ� @��n�

yn+1 − yn = (1 +
1

n + 1
)xn+1 − (1 +

1

n
)xn

= (1 +
1

n
)(xn+1 − xn)− 1

n(n + 1)
xn+1

≤ (
n + 1

n

1

(n + 1)(n + 2)
− 1

n(n + 1)
) xn+1

= (
1

n(n + 2)
− 1

n(n + 1)
) xn+1 < 0

 � �R�w�� ��¤ , TyO�An� (yn)n∈N T`�Attm��  � ©� , yn+1 < yn  �  Ð� �tn§

lim
n→∞

yn = lim
n→∞

(1 +
1

n
) lim

n→∞
xn = lim

n→∞
xn

.T§d§�z� T`�Attm�� £@¡  � �R�w�� �� , xn =
∑n

k=1
1
k �kt� (3)

d�� rJAbm�� 
As��A� :¯ �� ­ ¤d�� 
�A� �Ð� A� xCdnF
x1 = 1,

x2 = 1 +
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> 1 +
1

2
+

1

2
+

1

2
=

5

2· · ·
x2n = 1 +

1

2
+ (

1

3
+

1

4
) + · · ·+ (

1

2n−1 + 1
+

1

2n−1 + 2
+ · · ·+ 1

2n
)

> 1 +

­r� n︷ ︸︸ ︷
1

2
+ · · ·+ 1

2
=

n + 2

2

ry�¤ T§d§�z� (xn)n∈N  �� ¨�At�A�¤ x2n > L  wk§ n ≥ 2L ©± ¢�� d�� L > 0 A�@�� wl�
.T§d�Ab� ¨h� , Yl�� �� ­ ¤d��

�A`�Attm�� �¤E  � An§�C Tq�As�� Tl��±� ¨�

xn = (1 +
1

n
)n, yn = (1 +

1

n
)n+1

­dyf� ­r¡A\�� £@¡ ,T§Ahn�� Hfn�  A�CAqt� TyO�An� T`�Att�¤ T§d§�z� T`�Att� ��  wkt§
��ts� ­ry�� �¯A� ¨� �@¡ Crkt§¤ , T§Ahn�� Tmyq� �fF� ��¤ Yl�� �� �Ab§rq�  A�§³

:T§r\� ¨� Ah`S�  �
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Tyqyq���  �d�±� ��  At`�Att� (yn)n∈N ¤ (xn)n∈N 
�A� �Ð� :T§r\� - 5-3
 Aqq��

.TyO�An� (yn)n∈N ¤ T§d§�z� (xn)n∈N (�)

.n ∈ N �k� xn ≤ yn (
)
.limn→∞ yn − xn = 0 (�)

.T§Ahn�� Hfn�  A�CAqt�  At`�Attm��  ��
T§d§�z� (xn)n∈N  �� ¨�At�A�¤ n ∈ N �k� yn ≥ x1 ¤ xn ≤ y1  � �R�w�� �� - A¡r�
.�yt`�Attm�� �� �� 
CAq� ��Ð �� �tn§ .�fF� �� ­ ¤d��¤ TyO�An� (yn)n∈N ¤ Yl�� �� ­ ¤d��¤

ªrK�� �� �tn§¤
lim
n→∞

yn − xn = 0

.T§Ahn�� Hf� Amh�  �
¨l§ Amy� T�y�O�� T�A�³� rt�� .Tl·F� 6.3

 �� n ∈ N �k� xn ≤ xn+2 �y�� Tyqyq���  �d�±� �� T`�Att� (xn)n∈N �kt� (1)
T§d�Ab� (xn)n∈N( ) T§d§�z� (xn)n∈N( )
limn→∞ x2n ∈ R( ) Ty�CAq� (xn)n∈N( )

 �� ,T§d§�z� ¯¤ TyO�An� ry� Tyqyq���  �d�±� �� T`�Att� (xn)n∈N �kt� (2)
T§d�Ab� (xn)n∈N( ) ­ ¤d�� (xn)n∈N( )
limn→∞ xn ∈ R ( ) Ty�CAq� (xn)n∈N ( )

:�y�� Tyqyq���  �d�±� ��  At`�Att� (yn)n∈N ¤ (xn)n∈N �kt� (3)

xn ≤ yn ≤ xn+1 ∀n

 ��
T§d�Ab� (yn)n∈N =⇒ T§d�Ab� (xn)n∈N( ) limn→∞ yn = limn→∞ xn( )
T§d�Ab� (yn)n∈N ( ) Ty�CAq� (yn)n∈N ( )

(yn)n∈N ¤ T§d§�z� (xn)n∈N :�y�� Tyqyq���  �d�±� ��  At`�Att� (yn)n∈N ¤ (xn)n∈N �kt� (4)
 �� xn ≤ yn ∀n ¤ TyO�An�

Ty�CAq� (xn)n∈N( ) Ty�CAq� (yn)n∈N ( )
T§d�Ab� (yn)n∈N( ) limn→∞ yn = limn→∞ xn( )

.�§CAm� 7.3

.�k��  � T§Ahn�� d�¤�¤ , Ty�µ� �A`�Attm�� �� �� 
CAq� xC � (1)

xn =
n∑

k=1

1
kn

(�)

,xn =
n∑

k=1

1
n + k

(
)

,xn =
n∑

k=1

1
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(�)

,xn =
n∑
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1
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19



,x0 = 1 ,xn+1 =
xn

2 + xn
(£) ,x0 = 1 ,xn+1 =

1
1 + x2

n

(¤)

�y�� n0 ∈ N d�w§ ¢�� �¡r� , limn→∞
xn+1

xn
= ` > 1  � �q�� T`�Att� (xn)n∈N �kt� (2)

?(xn)n∈N 
CAq� ��Ð �� �tn§ �¡ .n > n0 �k� xn+1 > xn

.yn = xn+1−xn �kt�¤ ,n ∈ N �k� xn+1 +xn−1 ≥ 2xn �y�� ­ ¤d�� T`�Att� (xn)n∈N �kt� (3)
?(yn)n∈N T§Ah� Tmy� ¨¡ A� .­ ¤d��¤ T§d§�z� (yn)n∈N  � �¡r�

.xn(1− xn) ≤ 1/4  � �¡r� , ]0, 1[ ­rtf�� ¨�  �d�±� �� T`�Att� (xn)n∈N �kt� (4)
.limn→∞ xn = 1/2  �� n ∈ N �k� xn+1(1− xn) ≥ 1/4 
�A� �Ð� ¢�� �Ab�³ ��Ð �d�tF� ��

�tntF�¤ T§Ahn�� Hfn�  A�CAqt�  A�AW`m��  At`�Attm��  � �¡r� Ty�At�� �§CAmt�� �� �� ¨� (5)
.�k��  � T§Ahn�� Tmy�

,yn = xn +
1
n

,xn =
n∑

k=1

1
k2

(�)

,yn = xn +
1

3n2
,xn = 1 +

n−1∑

k=1

1
k2(k + 1)2

(
)

,yn = xn +
2
n

,xn =
n−1∑

k=1

1
k
− 1

n
− ln n (�)

,yn =
n∑

k=1

1√
k
− 2

√
n ,xn =

n∑

k=1

1√
k
− 2

√
n + 1 ( )

,yn = (1 +
1
n

)xn ,xn =
n∏

k=1

(1 +
1
k2

) (£)

�kt� (6)

xn =
n∑

k=0

1
k!

, yn = xn +
1
n!

.¨FAy� ry�  d� T§Ahn�� �l�  �¤ T§Ahn�� Hfn�  A�CAqt� (yn)n∈N ¤ (xn)n∈N  � �¡r�

�kt� (7)

xn =
2n+1∑

k=0

(−1)k

(2k)!
, yn = xn +

1
(4n + 4)!

.¨FAy� ry�  d� T§Ahn�� �l�  �¤ T§Ahn�� Hfn�  A�CAqt� (yn)n∈N ¤ (xn)n∈N  � �¡r�
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T§Ahn�� ªAq�¤ ¨Jw� �A`�Att� 4

T`�Att� (xn)n∈N �kt� :Cauchy condition 
CAqtl� ¨Jw� ªrJ : �§r`� - 1-4

CAqt� ¨Jw� ªrJ �q�� (xn)n∈N T`�Attm��  � �wq� , Tyqyq���  �d�±� ��

: A� �Ð� TyJw� T`�Att� Ah�� ¤� �A`�Attm��

∀ε > 0∃n0 ∈ N : ∀n,m (n,m > n0 =⇒ | xn − xm | < ε)

A�dn� {`b�� AhS`� �� �d� Tb§r�  wk� xm ¤ xn  ¤d���  � w¡ ¨Jw� ªrJ Yn`�
.T§Afk�� ¢y� Am� ­ryb� n,m  wk�

¨¡ �¡ ?Ty�CAq� ­C¤rS�A� ¨¡ �¡ ?¨Jw� �A`�Attm� TyFAF±� Q�w��� ¨¡ A�
?­ ¤d�� ­C¤rS�A�

­ ¤d��  wk� TyJw� T`�Att� ©� :T§r\� - 2-4

�k� | xn − xm | < 1 �y�� n0 ∈ N d�w§  � d�¯ ¨Jw� ªrJ �� .ε = 1 @��� - A¡r�
�S� ,n,m > n0

M = 1 + max{ | x0 | , · · · , |xn0
| , | xn0+1 | }

.n ∈ N �k� |xn | ≤ M  � �� �q�t�� �hs�� ��
:¨¡ ¨Jw� �A`�Att� P�§ Amy� TyFAF±� T§r\n��

©� .¨Jw� ªrJ ¸�Ak§ Tyqyq���  �d�±� �A`�Attm� 
CAqt�� ªrJ :T§r\� - 3-4

 �
.TyJw�  wk� Ty�CAq� T`�Att� ©� (1)

Ty�CAq�  wk� TyJw� T`�Att� ©� (2)

.Tyqyq���  �d�±� �� T`�Att� (xn)n∈N �kt� - A¡r�

�y�� n0 ∈ N d�w§  � d�®� YW`� ε > 0 �ky�¤ , ` ∈ R  d`l� 
CAqt� (xn)n∈N  � |rf� (1)

n > n0 =⇒ | xn − ` | < ε/2

d�� ��Ð ��¤

n,m > n0 =⇒ | xn − ` | < ε/2, | xm − ` | < ε/2
=⇒ | xn − xm | ≤ | xn − ` |+ | xm − ` | < ε

.¨Jw� ªrJ �q�� T`�Attm��  � ©�

|xn | ≤ M �q�§ M > 0 �ky� .­ ¤d�� ¨�At�A� ¨h� , TyJw� T`�Att� (xn)n∈N  � |rf� (2)
.n ∈ N �k�

21



: ¨�Attm�� �yOnt�� Tq§rV �d�tsnF T`�Attm�� T§Ah�  A�§³

a0 = −M, b0 = M, L0 = {n ∈ N |xn ≤ (a0 + b0)/2 } @���

@��� An��� (r}An`�� �� ¨¶Ah� ¯  d� Ah� ©�) Ty¶Ah� ¯ L0 
�A� �Ð�

a1 = a0, b1 = (a0 + b0)/2, L1 = {n ∈ N |xn ≤ (a1 + b1)/2 }
@��� An��� Tyhtn� L0 
�A� �Ð� A��

a1 = (a0 + b0)/2, b1 = b0, L1 = {n ∈ N |xn ≤ (a1 + b1)/2 },
­rtf��  � Am� b1 − a1 = (b0 − a0)/2 ¤ a1 ≥ a0 ¤ b1 ≤ b0 :�yt�A��� ¨�  � ^�®�

.T`�Attm��  ¤d� �� ¾Ay¶Ah�¯ ¾� d� ©w�� [a1, b1]

@��� An��� Ty¶Ah� ¯ L1 
�A� �Ð�� :a1, b1 �y� ­CwO�m�� ­rtf�� �Onn� Tq§rW�� Hfn� rmts�

a2 = a1, b2 = (a1 + b1)/2, L2 = {n ∈ N |xn ≤ (a2 + b2)/2 },
@��� An��� Tyhtn� L1 
�A� �Ð� A��

a2 = (a1 + b1)/2, b2 = b1, L2 = {n ∈ N |xn ≤ (a2 + b2)/2 },
:�A�®`�� Yl� AS§� T�A��� £@¡ ¨� �O��

b2 ≤ b1, a2 ≥ a1, b2 − a2 = (b1 − a1)/2 = (b0 − a0)/4

.T`�Attm��  ¤d� �� ¾Ay¶Ah�¯ ¾� d� ©w�� [a2, b2] ­rtf��  � Am�
�y�� b0, · · · , bk ¤ a0, · · · , ak Yl� �O�� An��� ­r� k � ��wW��� Hf� A�@f� w�

bk − ak ≤ (b0−a0)/2
k, bk ≤ bk−1 ≤ · · · b1 ≤ b0, ak ≥ ak−1 ≥ · · · a1 ≥ a0

¨� C�rmtF¯� �� Annkm§ Am� T`�Attm��  ¤d� �� ¾Ay¶Ah�¯ ¾� d� [ak, bk] ­rtf�� ©w�� �y��¤
.An��wW�

:�q�§ (bn)n∈N ¤ (an)n∈N �A`�Attm�� �� �¤E Yl� �O�� Tq§rW�� £@h�

.TyO�An� (bn)n∈N ¤ T§d§�z� (an)n∈N (�)
.limn→∞(bn − an) = 0 (
)

 � �tnts� (3.5) T§r\� ��

lim
n→∞

bn = lim
n→∞

an = ` ∈ R

�y�� n1 CAt��¤ ε > 0 @��� ��Ð �Ab�³ .`  d`l� 
CAqt� (xn)n∈N T`�Attm��  � �¡rbnF

bn − ` < ε/4, `− an < ε/4 ∀n > n1

�y�� n2 AS§� CAt��¤

n,m > n2 =⇒ | xn − xm | < ε/2
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 � d�¯ Ah��� (xn)n∈N T`�Attm��  ¤d� �� ¨¶Ah� ¯  d� ©w�� [an0+1, bn0+1] ­rtf��  � Am�
.m > n2 �y�� xm �d� ©w��

((bn0+1 − an0+1) < ε/2  � T\�®m�)  wk§ n > n2 ©±

|xn − ` | ≤ | xn − xm |+ | `− xm | < ε/2 + (bn0+1 − an0+1) < ε

.
wlWm�� 
b�§ A� w¡¤

 �d�²� �Amt�¯� Ty}A� ((3.5) T§r\� �§rV ��) An�d�tF� ��As��  A¡rb�� ¨� :T�A¡ T\�®� - 4-4
�Ð� An�� ©� ,�Amt�¯� Ty}A� ¸�Ak� ¾AS§� ¨¡ Tq�As�� T§r\n��  � ¹CAq�� �r`§  � �hm�� �� ,Tyqyq���

.�Amt�¯� Ty}A� �Ab�� Annkm§ T§r\n�� £@¡ T�} AnRrt��
ry� (−1)n T`�Attm��  � �R�w�� �� .T`�Attm� T§Ahn�� ªAq� �whf� TF�Cd�  µ� �qtn�
�� Ty�¤z��  ¤d��A� , T`�Attm�� £@h� T}A� T�®� Amh� −1 ¤ 1  � d`�� �k� , Ty�CAq�
£@¡ T�Ay} Annkm§ �¡ .−1  d`l� T§ rf��  ¤d��� 
CAqt� Amny� 1  d`l� 
CAqt� T`�Attm��

?�A� �kK� T�®`��

.Tyqyq���  �d�±� �� T`�Att� (xn)n∈N �kt� :�§r`� - 5-4

nk+1 > nk 
�A� �Ð� (xn)n∈N �� Ty¶z� T`�Att� (xnk
)(k∈N)  � �wq� (1)
.k ∈ N �k�

T`�Att� �An¡ 
�A� �Ð� (xn)n∈N T`�Attml� T§Ah� TWq� a ∈ R  � �wq� (2)
.a ¨¡ Aht§Ah� (xnk

)(k∈N) �� Ty¶z�

.¾Ayqyq� ¾� d� a  wk§  � �§r`t�� �@¡ ¨� ªrtK� �� An�� ¹CAq�� ©z§z� ^�¯

.a ∈ R �ky�¤ Tyqyq���  �d�±� �� T`�Att� (xn)n∈N �kt� :T§r\� - 6-4

:T·�Akt� Ty�At�� ª¤rK��

.(xn)n∈N T`�Attml� T§Ah� TWq� a (1)
.| xn − a | < ε¤ n > m�y�� n ∈ Nd�w§m ∈ N�k�¤ ε > 0�k� (2)

T`�Attm��  ¤d� �� ¨¶Ah�¯  d� ©w�� ]a− ε, a + ε[ ­rtf�� ε > 0 �k� (3)
.(xn)n∈N

.Tyqyq���  �d�±� �� T`�Att� (xn)n∈N �kt� - A¡r�
�� (xnk

)(k∈N) Ty¶z� T`�Att� d�w�  Ð� , T`�Attml� T§Ah� TWq� a  � |rf� :(2) ⇐= (1)
�y�� k0 ∈ N d�w§  Ð� ,YW`� ε > 0 �ky� limk→∞ xnk

= a �y�� (xn)n∈N

k > k0 =⇒ | xnk
− a | < ε

.(2) �q�t§ ¨�At�A�¤ nk > m �y�� k > k0 d�w§ m ∈ N ©± �k�
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­rtf�� ©w�� ¯ �y�� ε > 0 d�w§ ¢�� ©� ,
wlWm�� Hk� ¾¯d� |rf�¤ (2) |rf� :(3)⇐= (2)
@��� .T`�Attm��  ¤d� �� ¾Ayhtn� ¾� d� ¯� ]a− ε, a + ε[

m = max{j ∈ N|xj ∈]a− ε, a + ε[}
.(2) {�An§ A� w¡¤ | xn − a | ≥ ε  wk§ n > m ©±  Ð�
�y�� nk CAt�� k ©±¤ (3) T�} |rf� :(1)⇐= (3)

nk > nk−1 (�)

xnk
∈]a− 1

k+1 , a + 1
k+1 [ (
)

T`�Attm��  ¤d� �� ¨¶Ah�¯  d� ©w�� ]a− 1
k+1 , a+ 1

k+1 [ ­rtf��  �� |rf�� 	bs� �km� CAyt�¯� �@¡
limk→∞ xnk

= a �q�� (xn)n∈N �� (xnk
)(k∈N) Ty¶z� T`�Att� �r`� Tq§rW�� £@h� .(xn)n∈N

.(1) 
y�§ A� w¡¤
:Tl��� - 7-4

T`�Attm��  ± ��Ð¤ , −1, 1 Am¡ T§Ah� ¨tWq� Ah� (xn)n∈N T`�Attm�� ,xn = (−1)n �kt� (1)
¯¤ −1 Y�� 
CAqt� (x2k+1)(k∈N) Ty¶z��� T`�Attm��¤ 1 Y�� 
CAqt� (x2k)(k∈N) Ty¶z���
T`�Attm��  ¤d� �� ¨¶Ah�¯  d� ©w�� ]a − ε, a + ε[ �y�� a r�� ¨qyq�  d� d�w§

.ε = min(| a− 1 | , | a + 1 |)
�kt� (2)

xn =





1 n ≡ 1(mod3)
2 n ≡ 2(mod3)
0 n ≡ 0(mod3)

.0, 1, 2 ¨¡ T§Ah� Xq� �®� Ah� (xn)n∈N  � �R�w�� ��

T`�Attm�� T§Ah� ªAq� �wm`�� ¢�¤ Yl� (3)

xn = k, n ≡ k(modm)

.0, 1, · · · ,m− 1 ¨¡

.+∞ ¨¡ ­d��¤ T§Ah� TWq� Ah� xn = n T`�Attm�� (4)

.−∞, +∞ Am¡ T§Ah� ¨tWq� Ah� (−1)nn T`�Attm�� (5)

 wk� (xn)n∈N .Tyqyq���  �d�±� �� T`�Att� (xn)n∈N �kt� :T§r\� - 8-4
.­d��¤ T§Ah� TWq� Ah�¤ ­ ¤d�� 
�A� �Ð� Xq�¤ �Ð� Ty�CAq�

.¹CAql� �¤rt� - A¡r�
T`�Attm�� £@h� A T§Ahn�� ªAq� T�wm�� xCd�  � �km§ (xn)n∈N T`�Att� ©±

�S�  �  At`m�� ��¤ , R r}An� �� T�wm�m�

lim sup
n

xn = sup A, lim inf
n

xn = inf A
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.T`�Attml� T§Ah� AtWq� ¾AS§� Am¡ lim infn xn ¤ lim supn xn  � �¡rb�  � �kmm�� ��
£@h�  wk� ¯� �km§ �¡ , Tyqyq���  �d�±� �� (xn)n∈N ­ ¤d�� T`�Attm�  µ� r\nn�
(xn)n∈N T`�Attml� T§Ah� Xq� Atsy� +∞,−∞  � dy�±� �� ?T§Ah� TWq� ©� T`�Attm��
AhyW`� ��¥s�� �@¡ Yl� T�A�³� ?(xn)n∈N T`�Attml� Tyqyq� T§Ah� ªAq� �An¡ �h� ,

:Ty�At�� T§r\n��

­ ¤d�� T`�Att� ©� :(Bolzano-Weierstrass) x�rtJr§A� - w��z�w� T§r\� - 9-4

.Ty�CAq� Ty¶z� T`�Att� Ah� Tyqyq���  �d�±� ��
¨t�� ¨�Attm�� �yOnt�� Tq§rV �� ,Tyqyq���  �d�±� �� ­ ¤d�� T`�Att� (xn)n∈N �kt� - A¡r�

: �y�� (bn)n∈N ¤ (an)n∈N  At`�Att�  A�§� Annkm§ (3.4) T§r\�  A¡r� ¨� A¡An�d�tF�

.TyO�An� (bn)n∈N ¤ T§d§�z� (an)n∈N (�)

.limn→∞(bn − an) = 0 (
)

.(xn)n∈N T`�Attm��  ¤d� �� ¾Ay¶Ah�¯ ¾� d� ©w�� [ak, bk] ­rtf�� k ©± (�)

�y�� n1 CAt�� �� , n0 = 1 CAt�� :T�wlWm�� Ty¶z��� T`�Attm��  ¤d� CAyt�� ¨�  µ� �db�
 ¤d� �� ¨¶Ah� ¯  d� ©w�� [a1, b1] ­rtf��  ± �km� CAyt�¯� �@¡ ,n1 > 1 ¤ xn1

∈ [a1, b1]
�y�� nk CAt�� k ©°� : Tq§rW�� £@h� rmts� .n1 > 1 �q�§ ��±� Yl� A¡d��  �� ¨�At�A�¤ (xn)n∈N
T`�Attm�� £@¡  � �Ab�� .T�wlWm�� Ty¶z��� T`�Attm�� d�w� ��@� .nk > nk−1 ¤ xnk

∈ [ak, bk]
.(3.4) T§r\�  A¡r� ¨� A¡An�d�tF� ¨t�� Tq§rW�� Hfn� �t§ Ty�CAq�

¨l§ Amy� T�y�O�� T�A�³� rt�� .Tl·F� 10.4


�A� �Ð� ¨Jw� ªrJ �q�� (xn)n∈N T`�Attm�� (1)
­ ¤d��( ) ­ ¤d�� ry�( )
Ty�CAq� ( ) rfOl� �¤¥�( )

 wk§ (xn)n∈N T`�Att� ©± (2)
Ty�CAq� Ah�� ⇐= TyJw� (xn)n∈N ( ) TyJw� (xn)n∈N ⇐= Ty�CAq� (xn)n∈N ( )
limn→∞ |xn − xn+1 | = 0 ⇐= TyJw� (xn)n∈N( ) TyJw� (xn)n∈N ⇐= limn→∞ |xn − xn+1 | = 0( )

 �� ¨Jw� ªrJ �q�� (yn)n∈N ¤ (xn)n∈N �� �� 
�A� �Ð� (3)
¨Jw� ªrJ �q�� (xn.yn){n∈N}( ) ¨Jw� ªrJ �q�� (yn/xn){n∈N}( )
rfOl� �¤¥� (xn.yn){n∈N} ( ) T§d§�z� (xn.yn){n∈N} ( )

.�§CAm� 11.4

:Ty�At�� �A`�Attm�� �� �� 
CAq� xC � (1)

,xn =
en

3n
(�)

,x0 = 1 ,xn+1 = −3xn (
)

,xn =
n∑

k=0

6
10k

(�)

,p > 1, |αk | < p ,xn =
∑n

k=1 αkp
k ( )

,p > 1, |αk | < k ,xn =
∑n

k=1 αkp
k (£)

,x1 = 1 ,xn+1 = xn +
n2

4n
(¤)

,xn = n(e1/n − 1) (E)

,a > 0 ,xn = n(a1/n − 1) (�)

xn = ln(
(n− 1)(n + 1)

n2
) (ª)

25



.x0 = 2 xn = 2 +
1

xn−1 + 2
�kt� (2)

.n∀ ,2 ≤ xn < 3  � �¡r� (�)
.ηn ≤ 1

16ηn−1  � �¡r� ,ηn = |xn+1 − xn | �kt� (
)
.TyJw� (xn)n∈N T`�Attm��  � �¡r� ��Ð ��¤ ,ηn < 1/42n  � �tntF� (�)

.limn→∞ xn d�¤� ( )

.xn =
2xn−1 + 1
xn−1 + 1

, n ≥ 1 x0 = 1 �kt� (3)

.n∀ ,1 ≤ xn < 2  � �¡r� (�)
.ηn ≤ 1

4ηn−1  � �¡r� ,ηn = |xn+1 − xn | �kt� (
)
.TyJw� (xn)n∈N T`�Attm��  � �¡r� ��Ð ��¤ ,ηn < 1/4n  � �tntF� (�)

.limn→∞ xn d�¤� ( )

T�®`�A� T�r`m�� T�y�O��  �d�±� T`�Att� ¨¡ (Fibonacci sequence) ¨JA�wby� T`�Att� (4)

Fn+1 = Fn + Fn−1, F1 = F2 = 1

.¨JA�wby� T`�Att� ��  ¤d� ­rK� �¤� d�¤� (�)
T� A`m�� �q�§ ¨qyq�  d� χ �ky� (
)

χ2 = χ + 1

�q�� (sn)n∈N  � �¡r� .
�A� A �y� sn = Aχn �kt�¤

sn+1 = sn + sn−1

T� A`m�� �q��¤ ­ w�w� r = limn→∞
Fn+1

Fn
 � �¡r� (�)

r2 = r + 1

TyJwk�� �A`�Attm�� Yl� �AqybWt�� {`� 5

TyJwk�� �A`�Attm�� Yl� �AqybWt�� {`�

�y�� Tyqyq���  �d�±� �� T`�Att� (xn)n∈N �kt� :(1) �ybW� - 1-5

1 > c�y� | xn+1 − xn | ≤ c |xn − xn−1 | ∀n ≥ n0

:¨�At�A� ��Ð �¡rb� .Ty�CAq� (xn)n∈N T`�Attm��  ��

�k� |xn0+k+1 − xn0+k | ≤ ck | xn0+1 − xn0
|  � ¨RA§r�� �AtntF¯� ��d�tFA� 
b�� (�)

.k ≥ 1
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:Yl� �O�� �l�m�� Tn§Abt� ��d�tFA�¤ ��Ð �� (
)

|xn0+m+k − xn0+k | ≤ | xn0+m+k − xn0+m+k−1 |+ |xn0+m+k−1 − xn0+m+k−2 |
+ · · ·+ | xn0+k+1 − xn0+k |

≤ cm+k−1 |xn0+1 − xn0
|+ cm+k−2 |xn0+1 − xn0

|+ · · ·
+ck | xn0+1 − xn0

|
≤ ck

1− c
|xn0+1 − xn0

|

�y�� k0 d�w§ ¢��� limk→∞ ck = 0  � Am� , ε > 0 �ky� (�)

k > k0 =⇒ ck

1− c
| xn0+1 − xn0

| < ε

 � �tny� n1 = n0 + k0 CAt��

n,m > n1 =⇒ | xm − xn | < ε

.Ty�CAq� ¨�At�A� ¨h� , TyJw� T`�Att� (xn)n∈N  � Antb�� d�  wk� ��@� ( )

�SnF .(xn)n∈N T`�Attm�� T§Ah� ¨¡ ` �kt�

εn = | `− xn |
: � �Ab�� �kmm�� �� .T`�Attm�� �� n ��C d��A� ` 	§rq� ¨� �W��� C�dqm�� �@¡ ¨ms�

εn ≤ cn−n0

1− c
|xn0+1 − xn0

|

�q��¤ �AqtJ®� Tl�A� T�� f : [a, b] −→ [a, b] �kt� :(2) �ybW� - 2-5

| f ′(x) | ≤ c < 1 ∀x ∈]a, b[

:Ty�µ� �A�®`�A� (xn)n∈N T`�Attm�� �iÄra`u�

xn+1 = f(xn), x0 = α

.Ty¶�dt�¯� Tmyq�� Yms� α ∈]a, b[ �y�
: � d�� (���r�¯ T§r\�) �RAftl� TWFwtm�� Tmyq�� T§r\� ��

|xn+1 − xn | = | f(xn)− f(xn−1) | = | f ′(y) | | xn − xn−1 |
.xn, xn−1 �y� y �y�

.Ty�CAq� (xn)n∈N  � ��As�� �ybWt�� �� �tn§ ¨�At�A�¤
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 � d�nF x ∈ [14 , 1] , f(x) =
1

1 + x
�kt� :�A�� - 3-5

| f ′(x) | ≤ 16

25

T`�Attm��  �� ¨�At�A�¤

x0 =
1

3
, xn+1 =

1

1 + xn

.
CAqt�
f : [a, b] −→ R �kt� :Newton-Raphson method  ws��C -��wy� Tq§rV :(3) �ybW� - 4-5

T� A`ml� �� �� ��bnF .�AqtJ®� Tl�A� T�� 

f(x) = 0

,(!T� AOm�A�) ���� Yl� AnlO� d� An��� f(x0) = 0 
�A� �Ð� . x0 ∈ [a, b] Ty¶�dt�� Tmy� ©� @��� �db�
α ∈ [a, b] w¡ T� A`m�� ��  A� �Ð� .f ′(x0) 6= 0  � ¾AS§� |rfnF .f(x0) 6= 0  � |rfn� �@�

:¨W��� 	§rqt�� �d�ts�  � �km§ An��� x0 �� �d� Ab§r�  A�¤

f(α)− f(x0) ≈ f ′(x0)(α− x0)

 � d�n�

α ≈ x0 − f(x0)

f ′(x0)

 �� T�dO�A� x0 A�rt�� d�¤ Annk�

x1 = x0 − f(x0)

f ′(x0)

Aht�®�¤ f”(x0), f(x0) ­CAJ� xC � ?�ÐAm�) ��l� 
r��  wk§ Am�C �k� , α � ¾A§¤As� ­C¤rS�A�  wk§ ��
.(���� �� 
�rt�¯A�

�Sn� Tq§rW�� £@h� rmts�

xn+1 = xn − f(xn)

f ′(xn)

T��d�� A�@�� w� ®�m� , Am¶� ��Ð �mS� ¯ �F°� ?T`�Attm�� £@¡ 
CAqt� �¡

f(x) = x3 − 2x + 2

.Ty�CAq�  wk� �� (xn)n∈N T`�Attm��  �� x0 = 0 A�rt��¤
:Ty�At�� T§r\n�� �Ab�� �km§ ��As�� �ybWt�� ��d�tFA�
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AhtqtK�¤ �y�r� �AqtJ®� Tl�A� T�� f : [a, b] −→ R
�A� �Ð� :T§r\�
�q��¤ TlOt� Ty�A��� Tb�r�� ��

1 > c�y� | f(x)f ′′(x) | ≤ c(f ′(x))2, ∀x ∈ [a, b]

T`�Attm��  �� [a, b] ¨� �wl� Ah� f(x) = 0 T� A`m�� 
�A� �Ð�¤

 T�r`m�� (xn)n∈N

xn+1 = xn − f(xn)

f ′(xn)
, x0 ∈ [a, b]

.�wl��� £@¡ d�± 
CAqt�
:Tl��� - 5-5

Yl� �O�� 
As��A� , a = 1.2, b = 1.6 �kt�¤ f(x) = x2 − 2 �kt� (1)

f ′(x) = 2x, f ′′(x) = 2, | f(x)f ′′(x) | = 2
∣∣ x2 − 2

∣∣

x ∈ [1.2, 1.6] =⇒
∣∣ x2 − 2

∣∣ ≤ 0.6 ≤ 1

2
x2

.c = 1
4 @��� �q�t� T§r\n�� ª¤rJ  � ©�

f ′(x0) = 2.6 ¤ f(x0) = 0.31 d�n� x0 = 1.3 Tmyq� �db� :T� A`m�� ��� �Ab§rqt�� d�w�
.x1 ≈ 1.42 ¨�At�A�¤

�� .x2 = 1.414225  wkt� f ′(x1) = 2.82 ¤ f(x1) = 0.0164 :
As��� Crk� ��
. T�rs�

√
2 Y�� 
CAqt� (xn)n∈N  � �R�w��

.�q�t� ¯ T§r\n�� ª¤rJ  � d�n� a = 1
2 , b = 3

2 ¤ f(x) = x3 − 1 @��� (2)
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